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ON THE BERGMAN PROJECTIONS ACTING ON L∞
IN THE UNIT BALL Bn
VAN AN LE
Abstract. Given a weight function, we define the Bergman type
projection with values in the corresponding weighted Bergman
space on the unit ball Bn of C
n, n > 1. We characterize the radial
weights such that this projection is bounded from L∞ to the Bloch
space B.
1. Introduction and main result
Let Cn denote the n-dimensional complex Euclidean space. For any
two points z = (z1, . . . , z2), w = (w1, . . . , wn) in C
n, we use the well-
known notation
〈z, w〉 = z1w1 + · · ·+ znwn and |z| =
√
〈z, z〉.
Let Bn = {z ∈ C
n : |z| < 1} be the unit ball, and let Sn = {z ∈ C
n :
|z| = 1} be the unit sphere in Cn. Denote by H(Bn) the space of all
holomorphic functions on the unit ball Bn. Let dv be the normalized
volume measure on Bn. The normalized surface measure on Sn will be
denoted by dσ.
Let ρ be a positive and integrable function on [0, 1). We extend it
to Bn by ρ(z) = ρ(|z|), and call such ρ a radial weight function. The
weighted Bergman space A2ρ is the space of functions f in H(Bn) such
that
‖f‖2ρ =
∫
Bn
|f(z)|2ρ(z)dv(z) <∞.
Key words and phrases. Bergman space, Bergman projection, Bloch space.
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Let ρ be a radial weight and X be a space of measurable functions
on Bn. The Bergman type projection Pρ acting on X is given by
Pρf(z) =
∫
Bn
Kρ(z, w)f(w)ρ(w)dv(w), z ∈ Bn, f ∈ X,
where Kρ(z, w) is the reproducing kernel of the weighted Bergman
space A2ρ.
When ρ is the standard radial weight ρ(z) = (1−|z|2)α, α > −1, the
corresponding projection is denoted by Pα.
A radial weight ρ belongs to the class D̂ if ρ̂(r) . ρ̂(1+r
2
) for all
r ∈ [0, 1), where ρ̂(r) =
∫
1
r
ρ(s)ds.
The study of small Bergman spaces in higher dimensions began in
2018 in our work [5]. Projections play a crucial role in studying operator
theory on spaces of analytic functions. Bounded analytic projections
can also be used to establish duality relations and to obtain useful
equivalent norms in spaces of analytic functions. Hence the bounded-
ness of projections is an interesting topic which has been studied by
many authors in recent years [1, 2, 3, 7, 8]. In [7], Pela´ez and Ra¨ttya¨
considered the projection Pρ1 acting on L
p
ρ2(D), 1 ≤ p < ∞, when two
weights ρ1, ρ2 are in the class R of so called regular weights. A radial
weight ρ is regular if ρ̂(r) ≍ (1 − r)ρ(r), r ∈ (0, 1). Recently, in 2019,
they extended these results to the case where ρ1 ∈ D̂, ρ2 is radial [8].
In this text, we are going to study the projections acting on the space
L∞. Let us recall that the Bloch space of Bn, denoted by B(Bn), or
simply by B, is the space of holomorphic functions f in Bn such that
sup
z∈Bn
(1− |z|2)|Rf(z)| <∞,
where
Rf(z) =
n∑
j=1
zj
∂f
∂zj
(z)
is the radial derivative of f at z ∈ Bn. In the one dimensional case, the
Bloch space consists of analytic functions f on D such that
sup
z∈D
(1− |z|2)|f ′(z)| <∞,
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and is denoted by B(D).
In the case of standard radial weight, we have the following result.
Theorem A. For any α > −1, the Bergman type projection Pα is a
bounded linear operator from L∞ onto the Bloch space B.
See [10, Theorem 5.2] for the proof in the case of one variable and
[9, Theorem 3.4] for the proof in the case of several variables.
In [8], Pela´ez and Ra¨ttya¨ obtained an interesting result in the one
dimensional case.
Theorem B. Let ρ be a radial weight. Then the projection Pρ :
L∞(D)→ B(D) is bounded if and only if ρ ∈ D̂.
We extend this theorem to the case of several variables and obtain
the following result.
Theorem 1.1. Let ρ be a radial weight. Then the projection Pρ :
L∞ → B is bounded if and only if ρ ∈ D̂.
Throughout this text, the notation U(z) . V (z) (or equivalently
V (z) & U(z)) means that there is a positive constant C such that
U(z) ≤ CV (z) holds for all z in the set in question, which may be
a space of functions or a set of numbers. If both U(z) . V (z) and
V (z) . U(z), then we write U(z) ≍ V (z).
2. Some auxiliary lemmas
To prove Theorem 1.1 we need several auxiliary lemmas.
Lemma 2.1. Let ρ be a radial weight. Then the following conditions
are equivalent:
(i) ρ ∈ D̂;
(ii) There exist C = C(ρ) > 0 and β0 = β0(ρ) > 0 such that
ρ̂(r) ≤ C
(
1− r
1− t
)β
ρ̂(t), 0 ≤ r ≤ t < 1,
for all β ≥ β0;
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(iii) The asymptotic equality∫
1
0
sxρ(s)ds ≍ ρ̂
(
1−
1
x
)
, x ∈ [1,∞),
is valid;
(iv) There exist C0 = C0(ρ) > 0 and C = C(ρ) > 0 such that
ρ̂(0) ≤ C0ρ̂(
1
2
)
and ρn ≤ Cρ2n for all n ∈ N.
This lemma can be found in [6].
Lemma 2.2. If
f(z) =
∞∑
n=0
ajz
j ∈ Hp, 0 < p ≤ 2,
then
∞∑
j=0
(j + 1)p−2|aj|
p . ‖f‖pp.
Lemma 2.3. Let {aj} be a sequence of complex numbers such that∑
jq−2|aj|
q < ∞ for some q, 2 ≤ q < ∞. Then the function f(z) =∑∞
n=0 ajz
j is in Hq, and
‖f‖qq .
∞∑
j=0
(j + 1)q−2|aj|
q.
Two above lemmas are the classical Hardy-Littlewood inequalities,
which can be found, for example, in Duren’s book [4, Theorem 6.2 and
6.3].
Lemma 2.4. Let ρ be a radial weight. Then the reproducing kernel
Kρ(z, w) is given by
Kρ(z, w) =
1
2
∞∑
d=0
(d+ n− 1)!
d!n!ρ2n−1+2d
〈z, w〉d, z, w ∈ Bn,
where
ρx =
∫
1
0
txρ(t)dt, x ≥ 1.
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Proof. By the multinomial formula (see [9, (1.1)]), we have that
〈z, w〉d =
∑
β∈Nn,|β|=d
d!
β!
zβw¯β, z, w ∈ Cn.
Hence, for α ∈ Nn, |α| = d,
∫
Sn
ξα〈z, ξ〉ddσ(ξ) =
∑
β∈Nn,|β|=d
d!zβ
β!
∫
Sn
ξαξ¯βdσ(ξ), z ∈ Bn.
By Lemma 1.11 in [9],
∫
Sn
ξαξ¯βdσ(ξ) =

0 if α 6= β,
α!(n− 1)!
(d+ n− 1)!
if α = β,
and we obtain∫
Sn
ξα〈z, ξ〉ddσ(ξ) =
d!
α!
zα
∫
Sn
ξαξ¯αdσ(ξ)
=
d!
α!
α!(n− 1)!
(d+ n− 1)!
zα
=
d!(n− 1)!
(d+ n− 1)!
zα, z ∈ Bn.
Therefore, for α ∈ Nn, |α| = d we have
∫
Bn
wα〈z, w〉dρ(w)dv(w) = 2n
∫
1
0
t2n−1+2dρ(t)dt
∫
Sn
ξα〈z, ξ〉ddσ(ξ)
=
2d!n!ρ2n−1+2d
(d+ n− 1)!
zα, z ∈ Bn,
It follows that
(2.1) zα =
(d+ n− 1)!
2d!n!ρ2n−1+2d
∫
Bn
wα〈z, w〉dρ(w)dv(w), z ∈ Bn.
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Since ρ(t) > 0, 0 < t < 1, we have ρs ≥ Cε(1 − ε)
s for every ε > 0.
Given z ∈ Bn, we have∫
Bn
∣∣∣1
2
∞∑
d=0
(d+ n− 1)!
d!n!ρ2n−1+2d
〈z, w〉d
∣∣∣2ρ(w)dv(w)
=
1
4
∑
d1,d2≥0
(d1 + n− 1)!(d2 + n− 1)!
d1!d2!(n!)2ρ2n−1+2d1ρ2n−1+2d2
∫
Bn
〈z, w〉d1〈w, z〉d2ρ(w)dv(w)
=
1
4
∑
d1,d2≥0
(d1 + n− 1)!(d2 + n− 1)!
d1!d2!(n!)2ρ2n−1+2d1ρ2n−1+2d2
×
×
∫
Bn
∑
|β|=d2
wβz¯β
d2!
β!
〈z, w〉d1ρ(w)dv(w)
=
1
2
∑
d≥0
(
(d+ n− 1)!
d!n!
)
1
ρ2
2n−1+2d
∑
|β|=d
(d!)2
β!
n!ρ2n−1+2d
(d+ n− 1)!
zβ z¯β
=
1
2
∑
d≥0
(d+ n− 1)!
n!ρ2n−1+2d
∑
|β|=d
zβ z¯β
β!
=
1
2
∑
d≥0
(d+ n− 1)!
d!n!ρ2n−1+2d
|z|2d <∞.
Thus, the function w 7→ 1
2
∑∞
d=0
(d+ n− 1)!
d!n!ρ2n−1+2d
〈w, z〉d belongs to A2ρ.
By (2.1) and by continuity, for every f ∈ A2ρ(Bn),
f(z) =
∫
Bn
f(w)
(
1
2
∞∑
d=0
(d+ n− 1)!
d!n!ρ2n−1+2d
〈z, w〉d
)
ρ(w)dv(w), z ∈ Bn,
which implies our conclusion. 
3. Proof of main result
It suffices to consider only the case n > 1.
Proposition 3.1. If ρ ∈ D̂, then the projection Pρ : L
∞ → B is
bounded, where Pρ is defined by
Pρϕ(z) =
∫
Bn
Kρ(z, w)ϕ(w)ρ(w)dv(w), ϕ ∈ L
∞, z ∈ Bn.
Proof. We have
Kρ(z, w) =
1
2
∞∑
d=0
(d+ n− 1)!
d!n!ρ2n−1+2d
〈z, w〉d.
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Hence, for a fixed w ∈ Bn,
RKρ(z, w) =
n∑
j=1
zj
∂Kρ(z, w)
∂zj
=
n∑
j=1
zj
∂
∂zj
(
1
2
∞∑
d=0
(d+ n− 1)!
d!n!ρ2n−1+2d
〈z, w〉d
)
=
1
2
n∑
j=1
zj
∞∑
d=0
(d+ n− 1)!
d!n!ρ2n−1+2d
dw¯j〈z, w〉
d−1
=
1
2
∞∑
d=1
(d+ n− 1)!
(d− 1)!n!ρ2n−1+2d
〈z, w〉d
=
1
2
∞∑
d=1
Γ(d+ n)
Γ(d)Γ(n+ 1)ρ2n−1+2d
〈z, w〉d.
Now, given ϕ ∈ L∞, let
f(z) := Pρϕ(z) =
∫
Bn
Kρ(z, w)ϕ(w)ρ(w)dv(w), z ∈ Bn.
For all z ∈ Bn we have
|Rf(z)| =
∣∣∣∫
Bn
RKρ(z, w)ϕ(w)ρ(w)dv(w)
∣∣∣
≤
∫
Bn
|RKρ(z, w)||ϕ(w)|ρ(w)dv(w)
≤ ‖ϕ‖∞
∫
Bn
|RKρ(z, w)|ρ(w)dv(w).(3.1)
Set
g(λ) =
∞∑
d=1
Γ(d+ n)
Γ(d)
λd−1
ρ2n−1+2d
, λ ∈ D.
Since ρ(t) > 0, 0 < t < 1, g is analytic in the unit disc. Then
(3.2) RKρ(z, w) =
〈z, w〉
2Γ(n+ 1)
g(〈z, w〉).
Next we consider the reproducing kernel K1ρ(z, w) of the Bergman space
in the unit disc with the weight ρ. We have
K1ρ(z, w) =
1
2
∞∑
d=0
(zw)d
ρ2d+1
.
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Furthermore,
∂n
∂zn
K1ρ(z, w) =
1
2
∞∑
d=n
Γ(d+ 1)(zw)d−nwn
Γ(d− n+ 1)ρ2d+1
=
1
2
∞∑
s=1
Γ(s+ 1)
Γ(s)
(zw)s−1wn
ρ2s+2n−1
=
1
2
g(zw)wn.
By a result of Pela´ez and Ra¨ttya¨ ([7, Theorem 1 (ii)]), we have
∫
D
∣∣∣ ∂n
∂zn
K1ρ(z, w)
∣∣∣(1−|z|2)n−2dA(z) ≍ ∫ |w|
0
dt
ρ̂(t)(1− t)2
,
1
2
≤ |w| < 1,
where ρ̂(t) =
∫
1
t
ρ(s)ds.
Thus,
∫
D
|g(zw)|(1− |z|2)n−2dA(z) ≍
∫ |w|
0
dt
ρ̂(t)(1− t)2
,
1
2
≤ |w| < 1.
Since g is analytic in the unit disc, we have
(3.3)
∫
D
|g(zw)|(1−|z|2)n−2dA(z) . 1+
∫ |w|
0
dt
ρ̂(t)(1− t)2
, w ∈ D.
Now, by (3.2), we have∫
Bn
|RKρ(z, w)|ρ(w)dv(w) .
∫
Bn
|g(〈z, w〉)|ρ(w)dv(w)
≍
∫
1
0
r2n−1ρ(r)
(∫
Sn
|g(〈rz, ξ〉)|dσ(ξ)
)
dr.
By [9, Lemma 1.9] and the unitary invariance of dσ, we have∫
Sn
|g(〈rz, ξ〉)|dσ(ξ) ≍
∫
D
|g(r|z|λ)|(1− |λ|2)n−2dA(λ).
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Thus, by (3.3) we obtain∫
Bn
|RKρ(z, w)|ρ(w)dv(w)
.
∫
1
0
r2n−1ρ(r)
(
1 +
∫ r|z|
0
dt
ρ̂(t)(1− t)2
)
dr
. 1 +
∫ |z|
0
1
ρ̂(t)(1− t)2
(∫
1
t/|z|
r2n−1ρ(r)dr
)
dt
. 1 +
∫ |z|
0
ρ̂(t/|z|)
ρ̂(t)
dt
(1− t)2
.
1
1− |z|
, z ∈ Bn.
By (3.1) we obtain now that
|Rf(z)| . ‖ϕ‖∞
1
1− |z|2
, z ∈ Bn,
and, hence,
sup
z∈Bn
(1− |z|2)|Rf(z)| . ‖ϕ‖∞.
It is easy to see that
|f(0)| . ‖ϕ‖∞.
Therefore, Pρ is bounded. The Proposition 3.1 is proved. 
Proposition 3.2. Suppose that the projection Pρ : L
∞ → B is bounded.
Then ρ ∈ D̂.
Proof. Given ξ ∈ Sn and w ∈ Bn, let us consider a function g given by
g(λ) = RKρ(λξ, w), λ ∈ D.
Then
g(λ) =
∞∑
d=1
cd〈ξ, w〉
dλd,
where cd =
1
2n
Γ(d+ n)
Γ(d)Γ(n)ρ2n−1+2d
. By the Hardy–Littlewood inequality
(see Lemma 2.2) we have
∞∑
d=1
cd|〈ξ, w〉|
d
d+ 1
.
∫
2pi
0
|g(eiθ)|
dθ
2pi
=
∫
2pi
0
|RKρ(e
iθξ, w)|
dθ
2pi
.
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Integrating both sides of the above inequality over ξ ∈ Sn we obtain
∞∑
d=1
cd
d+ 1
∫
Sn
|〈ξ, w〉|d dσ(ξ) .
∫
Sn
∫
2pi
0
|RKρ(e
iθξ, w)|
dθ
2pi
dσ(ξ)
=
∫
Sn
|RKρ(ξ, w)| dσ(ξ).
By the unitary invariance of dσ and [9, Lemma 1.9], we have
∫
Sn
|〈ξ, w〉|d dσ(ξ) = |w|d
∫
Sn
|ξ1|
d dσ(ξ)
= (n− 1)|w|d
∫
D
(1− |z|2)n−2|z|d dA(z)
= (n− 1)pi|w|d
∫
1
0
(1− t)n−2td/2dt
≍
Γ(d
2
+ 1)Γ(n)
Γ(d
2
+ n)
|w|d.
Hence,
∫
Sn
|RKρ(ξ, w)| dσ(ξ) &
∞∑
d=1
cd
d+ 1
Γ(d
2
+ 1)Γ(n)
Γ(d
2
+ n)
|w|d
=
1
2n
∞∑
d=1
Γ(d+ n)Γ(d
2
+ 1)
(d+ 1)Γ(d)Γ(d
2
+ n)ρ2n−1+2d
|w|d.
Since
Γ(d+ n)Γ(d
2
+ 1)
(d+ 1)Γ(d)Γ(d
2
+ n)
≍ 1,
we get
∫
Sn
|RKρ(ξ, w)| dσ(ξ) &
1
2n
∞∑
d=1
|w|d
ρ2n−1+2d
, w ∈ Bn.
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Therefore, for z ∈ Bn, we have∫
Bn
|RKρ(z, w)|ρ(w)dv(w) = 2n
∫
1
0
r2n−1ρ(r)
∫
Sn
|RKρ(z, rξ)| dσ(ξ) dr
= 2n
∫
1
0
r2n−1ρ(r)
∫
Sn
|RKρ(ξ, rz)| dσ(ξ) dr
&
∞∑
d=1
|z|d
ρ2n−1+2d
∫
1
0
r2n−1+dρ(r)dr
=
∞∑
d=1
ρ2n−1+d
ρ2n−1+2d
|z|d.
Thus,
sup
z∈Bn
(1− |z|2)
∫
Bn
|RKρ(z, w)|ρ(w)dv(w)
& sup
z∈Bn
(1− |z|)
∞∑
d=1
ρd+2n−1
ρ2d+2n−1
|z|d
≥ sup
N∈N
1
N
N∑
d=1
ρd+2n−1
ρ2d+2n−1
(
1−
1
N
)d
& sup
N∈N
1
N
N∑
d=1
ρd+2n−1
ρ2d+2n−1
.
Since Pρ is bounded,
sup
z∈Bn
(1− |z|2)
∫
Bn
|RKρ(z, w)|ρ(w)dv(w) <∞.
Given N ≥ 2n, we obtain that
1 &
1
4N − 2n
4N−2n∑
d=3N−n+1
ρd+2n−1
ρ2d+2n−1
≥
1
4N
(N − n)
ρ4N
ρ6N
,
and, hence,
ρ6N & ρ4N .
If 8N ≤ k < 8N + 8, N ≥ 2n+ 8, then
ρk ≤ ρ8N . ρ12N . ρ18N ≤ ρ2k,
and by Lemma 2.1 we conclude that ρ ∈ D̂. 
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From Propositions 3.1 and 3.2, we obtain the conclusion of Theorem
1.1.
Remark 3.3. The method given herein combined with our results in [5]
can be used to generalize to the unit ball case the Lp estimates proved
in [7] in the unit disk case. This will be the object of a forthcoming
paper.
Acknowledgments. I am deeply grateful to Alexander Borichev and
El Hassan Youssfi for their help and many suggestions during the prepa-
ration of this paper.
References
[1] O. Constantin and J. A. Pela´ez, Boundedness of the Bergman projection on Lp
spaces with exponential weights, Bull. Sci. Math. 139 (2015), 245–268.
[2] M. Dostanic´, Unboundedness of the Bergman projections on Lp spaces with ex-
ponential weights, Proc. Edinb. Math. Soc. 47 (2004), no. 1, 111–117.
[3] M. Dostanic´, Boundedness of the Bergman projections on Lp spaces with radial
weights, Publ. Inst. Math. 86 (2009), 5–20.
[4] P. L. Duren, Theory of Hp Spaces, Academic Press, 1970.
[5] V. A. Le, Carleson measures and Toeplitz operators on small Bergman spaces
on the ball, https://arxiv.org/abs/1809.06583, to appear in Czechoslovak
Mathematical Journal.
[6] J. A. Pela´ez, Small weighted Bergman spaces, Proceedings of the summer school
in complex and harmonic analysis, and related topics (2016).
[7] J. A. Pela´ez and J. Ra¨ttya¨, Two weight inequality for Bergman projection, Jour-
nal de Mathe´matiques Pures et Applique´es 105 (2016), no. 1, 102–130.
[8] J. A. Pela´ez and J. Ra¨ttya¨, Bergman projection induced by radial weight,
preprint https://arxiv.org/abs/1902.09837
[9] K. Zhu, Spaces of Holomorphic Functions in the Unit Ball, Graduate Texts in
Mathematics, vol. 226, Springer-Verlag, New York, 2005.
[10] K. Zhu, Operator Theory in Function Spaces, 2nd ed., Mathematical surveys
and monographs, vol. 138, American Mathematical Society, Providence, RI,
2007.
Aix–Marseille University, CNRS, Centrale Marseille, I2M, Mar-
seille, France
ON THE BERGMAN PROJECTIONS ACTING ON L
∞
13
University of Quynhon, Department of Mathematics, 170 An Duong
Vuong, Quy Nhon, Vietnam
E-mail address : vanandkkh@gmail.com
